
Measure Theory with Ergodic Horizons
Lecture 12

Measurable functions.

Def
.

let (X
, E ) and (4

,
5) be measurable spaces lie .

I and J are o algebras).
A function fo X-Y is said to be

(a) (I
,
5) - measurable if F" (5)-I for all JEJ.

(6) Imeasurable /or just measurable if It is clear from the context) if i is a metric

space
and F is (1

,
B(4)) - measurable·

(d) Borel if X
,
Y are metric spaces

and f is (BIX)
,
Bli)) -measurable

(d) M-measurable if M is a measure on E
,
Y is a metric space (e

.g . IR) and
f is Measu-measurable.

Caution
. Viewing IR as both a metric space

and a measure space not lebesque
measured

,
a function F : IR-IR is X-measurable a the fopreimages of

Borel sets are x-measurable
.

This is weaker than demanding that fopreimages
ofI-measurable sets are X-measurable

.

Thus the clam of X-measurable functions
is larger than the perhaps more intuitive symmetric definition would give

Propo let (X ,
I) and 14

,
5) be measurable spaces and fix-Y

.

If
,

for some some

generating family JoEI , fepreimages of sele in To are in E
,
then is (2

,
5)-

measurable.

Proof
.

It J= Je : **153 ·
Then Jo : 5 and Y' is easily seen be

be a t-algebra because I" commutes with unions and complements ,
so J' = 5.

corollary . Let (X
,
i) be a measurable space ,

in be a metric
space ,

and fix-> Y
.

If F" (VL EF for all open
VaY

,
then fis I measurable·

In particular
,
if X is also a metric space. then continuous functions from X to Y



an Borel.

Proof . Just follows from the fact that
open sets of Y generate BC4)

,
and also But

continuous functions
, by definition

, are those - sit
.

f"Sopen) is open.

The following is one of the reasons for building measure Reorg :

Theorem. Pointwise limits of measurable real-valued functions are measurable·

More generally ,
for
any separable metric space Y and

any
measurable space

IX
,
I,

if each In : X + Y is Inmeasurable and f(x) := lineful) for all xeX
,
thenis

I-measurable.

Proof
. By the last corollary ,

it suffices to check that F" (U) t for all open U2Y.
Note that the

openness of ugives:french U
but the converse doesn't hold

,
e .g.

U=10, 1) and full) = t . For the converse
,

we

would need U to be closed. We can practictically achieve both via the following :

claim
. UV = U = VFR fr come open sets Ve = X.

Pf ofClaim
. Separabilityes us a ctbl dense set A = X

.

Take

V := ( By(a) : at A
,

wEINt
, BynCale UY

,

where Br(x) denotes the open ball of radiusr centered at xEX. Clearly ,
O is abl and

Vel for each VEU
, by definition

. Conversely ,
for each wel

,
EnENt with Byn(uEU,

and taking an at Byen(u) & A
,

we get ne Brula) = Ban(a) = Bralu) U
,

so ut BrantW. Claim)

Now we finally have: ExEX
,
FEU Ce zkFfuEVR .

Indeed:

: If f(x)tU = Ve
,

so fer = Vf(x)eVr ? Va
: If for come KEIN

,
we have fr Ful -Va

,
then f(x) : = limfu(x)eVa = U.

M

Thus f" (u) := \xt X : / (x) = u) = 4xX : JkFfu(x)Vn] = VUnfr(V) ,
so f"(u) is I-measu-

rable because each fr (Ur) is in I.



Prop . Let X
,
Y be topological spaces ,

where Y is 2nd etbl
. Let he be a Bonel measure

on X that is stronglyegular (e
. g .

X is metric space and M is r-finite by open sets).
let f:X -> Y be ad-measurable function

.
Then :

(a)is BoelonBoecomulatXix:X-Y is a Bol fundina

(6) Luzin's Reorem
.

- is continuous on a closed co-3 measured set C
,

i. e.

flc : 2 -> Y is continuous and h(X(C)3 .

Proof . Let 3Wn] be a ctbl basis of open sets of Y
.

(a) It's enoughdo ensure Mat f" (Va) in Bowl for all n
.

But f"(u) is mease-

valule so F" (v) =n Bu for some Boel set BaEX
.

Let En 2 +" (n)AB
be a Borel wall set and take X := X\VEn

.
Ten,

fx (V) = fi (v) &X = BueX'
,
which "is a Bod subset of X and X.

(b) It's enough to ensure that " (V) is open
for all n . But by strong

regularity .

I
open Un with MHnAAT(u)) = Yentz. Then there is

&

an open En ? Undf"In) of measure = 3/yan .

Then let C : = XL En
This < is closed

, M(X(c)= /h
+ 1 = 3 and

↑ kc" (v)="(va) 1C = Un12
,
which open relative to C

.


